Abstract. We consider the Casimir force acting on a d-dimensional rectangular piston due to massless scalar field with periodic, Dirichlet and Neumann boundary conditions and electromagnetic field with perfect electric conductor and perfect magnetic conductor boundary conditions. The Casimir energy in a rectangular cavity is derived by using cut-off method, and it is shown that its regular part coincides with the result obtained by zeta regularization method. The divergent parts of the Casimir energy from the interior and exterior regions of the piston are shown to contribute Casimir force of equal magnitude but opposite signs. Therefore the Casimir force acting on the piston is divergence free. It is verified analytically that at any temperature, the Casimir force acting on the piston increases from −∞ to 0 when the separation a between the piston and the opposite wall increases from 0 to ∞. This implies that the Casimir force is always an attractive force pulling the piston towards the interior region, and the magnitude of the force gets larger as the separation a gets smaller. Explicit exact expressions for the Casimir force for small and large plate separations and for low and high temperatures are computed. The limits of the Casimir force acting on the piston when some pairs of transversal plates are large are also derived. When the plate separation a is small, the magnitude of the Casimir force is found to behave like a −d−1 at all temperature; while for large plate separation a, it decays to zero with a rate depending on the type of the quantum fields and temperature. This means that at any temperature, the magnitude of the Casimir force can become large when the plate separation is small. An interesting result regarding the influence of temperature is that in contrast to the conventional result that the leading term of the Casimir force acting on a wall of a rectangular cavity at high temperature is the StefanBoltzmann (or black body radiation) term which is of order T d+1 , it is found that the contributions of this term from the interior and exterior regions cancel with each other in the case of piston. The high temperature leading order term of the Casimir force acting on the piston is of order T , which shows that the Casimir force has a nontrivial classical → 0 limit.
Introduction
In 1948, Casimir predicted the existence of an attractive force between two perfectly conducting parallel plates, which is due to the zero-point fluctuation of electromagnetic field between the plates [1] . Nowadays, Casimir effect is generally referred to similar effect due to any quantum fields. Since 1948, thousands of papers due to Casimir effect have appeared in the literature, and it has gained more and more attraction from physicists and even engineers. Many experiments have been designed to verify the existence of the Casimir force. For example, Mohideen et al [2] used atomic force microscope to confirm (within a few percent error) the existence of Casimir force for plate-sphere separation between 100nm to 900 nm. At these length scales, Casimir force becomes non-negligible and therefore people working in nanoscience and nanotechnology starts to show interest in this effect. Research has been done on how to use Casimir force to drive a nanodevice, as well as to eliminate unpleasant effect due to Casimir force, such as adhesion or stiction.
In the conventional calculation of Casimir energy, one sums over different modes of zero-point energies in the presence of boundaries:
However, this sum is divergent and regularization methods are used to obtain a finite result. One way of regularization is by subtracting the vacuum energy due to the background infinite space. However, this procedure does not always lead to a finite quantity, due to the possible hypersurface divergence. The two regularization schemes that are of particular interest to us are the zeta regularization method and UV cut-off technique. In the zeta regularization scheme [3] (see also [4, 5, 6] ), one defines the regularized Casimir energy by when the real part of s is large enough. An analytic continuation of ζ {ωα} (s) is required for the evaluation of Casimir energy by (1.2) . In case ζ {ωα} (s) has an analytic continuation to a neighborhood of s = −1/2 which is regular at s = −1/2, (1.2) is just equal to (1/2)ζ {ωα} (−1/2). Zeta regularization always leads to a finite quantity and the surface divergent terms have been renormalized to zero. On the other hand, to apply the UV cut-off method, one defines a λ-dependent Casimir energy by
Cas (λ) = 1 2 α ω α e −λωα . E 0 Cas (λ) is then evaluated for small positive λ, and the terms that are divergent when λ → 0 + are discarded. The regularized Casimir energy is defined as E 0 Cas (0) after the divergent terms are discarded. This method has an advantage over the zeta regularization technique since the surface divergent terms are manifested in the λ → 0 + divergent terms of E 0 Cas (λ). There have been some proofs of the equivalence of the zeta regularization method and cut-off method in the context of Casimir energy [4, 7, 8, 9] .
Recently, Graham, Jaffe et al have shown in a series of papers [10, 11, 12, 13] that zeta regularization or cut-off method do not provide a physically valid renormalization method. They argued that the surface divergences cannot be removed by any renormalization of the physical parameters of the theory. In 2004, Cavalcanti [14] showed that it is possible to obtain unambiguous finite Casimir calculation for a special geometric setup known as Casimir piston. He showed that for a two dimensional massless scalar field theory in a rectangular Casimir piston, the surface divergent terms of the Casimir force on the piston due to the interior and exterior regions divided by the piston cancels each other and the resulting Casimir force acting on the piston is always attractive. Since the original work of Cavalcanti, piston geometry and its variants have attracted considerable interest. In [15, 16] , it was shown that for electromagnetic field with perfect electric conductor conditions inside three dimensional rectangular Casimir piston, the surface divergent terms are also canceled and the resulting Casimir force acting on the piston is attractive. The Casimir piston for three dimensional electromagnetic field with prefect conductor conditions are studied further in [17, 18, 19] , where pistons with arbitrary cross sections are considered. In [20] , the rectangular Casimir piston for massless scalar field with Dirichlet boundary conditions in three dimensions was discussed in detail. In [21] , it was proved that for massless scalar field with Dirichlet and Neumann boundary conditions, the hypersurface divergent terms of the Casimir force due to the interior and exterior regions of a d-dimensional rectangular Casimir piston always cancel each other, and the Casimir force is always attractive. The Casimir force on rectangular piston due to electromagnetic field with perfect magnetic conductor conditions are computed and discussed by Edery and Marachevsky [22] . In another recent work [23] , the Casimir force for massless scalar field with Dirichlet boundary conditions on a rectangular piston in the spacetime with extra compactified dimensions was discussed. In [24] , it was shown that the Casimir force between two (nonmagnetic) dielectric bodies which are related by reflection is always attractive. This result was generalized by Bachas [25] who showed that reflection positivity implies that the force between any mirror pair of charge-conjugate probes of the quantum vacuum is attractive. The attractive nature of the Casimir force will create undesirable effects such as the collapse of a nano device -an effect known as stiction [26, 27] . Therefore, it becomes desirable to search for circumstances where the Casimir force can be made less attractive, or even repulsive. In [28] , Barton showed that for a thin piston with weakly reflecting dielectrics, the Casimir force at small separations is attractive, but turn to repulsive as the separation increases. In [29] , it was shown that in one, two or three dimensions, if one surface assumes Dirichlet boundary condition and the other assumes Neumann boundary condition, then the Casimir force on a rectangular piston is repulsive. Another scenario that leads to repulsive Casimir force was discussed in [30] . We would like to remark that a scenario similar to piston geometry has been considered by Reuter and Dittrich in 1985 [31] in the context as a mechanism to regularize the Casimir energy. Recently, a similar mechanism is used to compute the Dirichlet Casimir effect for φ 4 theory in (3+1) dimensions [32] .
In this paper, we study the Casimir effect of massless scalar field and electromagnetic field in a d-dimensional rectangular piston at zero and finite temperature. As we mentioned above, for massless scalar field under Dirichlet and Neumann boundary conditions, Edery and Macdonald have proved the cancelation of hypersurface divergence of Casimir force on rectangular piston in d dimensions [21] . Their proof relied on the λ-dependent Casimir energy E 0 Cas (λ) Edery computed in [33] using cut-off method, with the help of Euler summation formula. However, the computation in [33] is quite complicated, and it is not obvious that the regular part of the Casimir energy agrees with the result obtained by zeta-regularization method. In
Figure 1: The two and three dimensional rectangular pistons this paper, we propose an alternative method to calculate the λ-dependent Casimir energy E 0 Cas (λ), which has an advantage of providing a direct link to results obtained via zeta regularization method. Using Chowla-Selberg formulas, it is verified that the results we obtain is the same as that given in [21] . The fields we consider are massless scalar field with periodic, Dirichlet and Neumann boundary conditions, as well as electromagnetic field with perfect electric conductor (PEC) and perfect magnetic conductor (PMC) boundary conditions. Using the λ-dependent Casimir energy E 0 Cas (λ) calculated for a rectangular cavity, we show that the Casimir force acting on a rectangular piston is always divergence free due to some cancelations between the interior and exterior contributions to the Casimir force. The thermal effect to the Casimir force on the piston, which has so far only been considered for electromagnetic field with PEC boundary conditions in three dimensions [16] , is investigated in detail in this paper. The high temperature and low temperature expansions of the Casimir force are derived. The asymptotic behaviors of the Casimir force when the plate separations are small and large are also considered. In the appendix, we give explicit formulas when the space dimension d is equal to one, two and three.
In this paper, we choose the units where = c = k = 1.
Casimir energy in d-dimensional rectangular cavities
Consider a d-dimensional rectangular piston, which is a rectangular cavity [0,
We are mainly concerned with the case where L 1 → ∞ which implies that the exterior region is opened. The case where L 1 remains finite will be discussed in a later section. The two and three dimensional rectangular pistons are illustrated in Figure 1 . Casimir force acting on the piston due to massless scalar field with periodic (P), Dirichlet (D) and Neumann (N) boundary conditions (b.c.), as well as electromagnetic field with perfect electric conductor (PEC) b.c. and perfect magnetic conductor (PMC) b.c. will be computed.
We first recall some basic definitions. The zero temperature Casimir energy defined by (1.1) as the sum over all eigenfrequencies ω α is in general a divergent quantity. If the system is controlled to be in thermal equilibrium at temperature T , then the thermal correction to the Casimir energy is
and the finite temperature Casimir energy is the sum of the zero temperature Casimir energy and the thermal correction:
Usually the thermal correction is a convergent sum and no regularization of the sum is required. Recall that (see e.g. [34] ) the regularized finite temperature Casimir energy can be computed by zeta regularization method in the following way. One defines the thermal zeta function by
If ζ T,{ωα} (s) has an analytic continuation to a neighborhood of s = 0 with ζ T,{ωα} (0) = 0, then
In fact, it was shown that
where E 0 Cas, reg is the zero temperature Casimir energy defined using the zeta regularization method (1.2). The Casimir energy of the d-dimensional piston geometry is the sum of the Casimir energy in the interior region E int Cas , i.e., the Casimir energy of the rectangular 
The Casimir force on the piston is defined as
As was proved in [35, 34] , the Casimir energy E Cas (L 1 , L 2 , . . . , L d ) for massless scalar field with Pb.c., Db.c. and Nb.c. and for electromagnetic field with PEC b.c. and PMC b.c. are related to each other by the following linear relations:
Notice that when the dimension d is equal to one, there are no electromagnetic field satisfying either PEC b.c. or PMC b.c.; whereas the Casimir energy for massless scalar field with Db.c. and Nb.c. is related to the Casimir energy for massless scalar field with Pb.c. by the simple relation E
D/N
Cas (a) = (1/2)E P Cas (2a). In the following discussions, when we mention massless scalar field with Db.c. and Nb.c. or electromagnetic field with PEC b.c. and PMC b.c., we implicitly assume that the space dimension d is larger than two.
In view of the linear dependence of the Casimir force on the Casimir energy (2.3), the Casimir force due to various quantum fields are also related to each other following formulas (2.4), (2.5) and (2.6), with the energy replaced by the corresponding force. Therefore, to find the Casimir force on the d-dimensional rectangular piston for the various quantum fields that we are interested in, one only need to find the Casimir energy E P Cas (L 1 , L 2 , . . . , L d ) for the case of massless scalar field with Pb.c. This has been computed by various methods. Here we start from UV cut-off method, and show that its regularized value coincides with that obtained by zeta regularization method.
For a massless scalar field with Pb.c. in a rectangular cavity [0,
In this case, it is obvious that the thermal correction to Casimir energy (2.1) is finite without regularization. Therefore, we only consider the regularization of the zero temperature Casimir energy. Let
To determine the Casimir energy E P,0
, we need to find the small λ behavior of K(λ; L 1 , . . . , L d ) up to the order λ 1 . The higher order in λ terms will go to zero when λ → 0 + limit is taken in (2.7). Using the inverse Mellin transform formula for e −z :
we find that
where Z d (s; a 1 , . . . , a d ) is the homogeneous Epstein zeta function [36, 37] defined by the infinite series
. . , a d ) has a meromorphic continuation to C with a simple pole at s = d/2 with residue (see e.g. [4, 5, 6, 36, 37] )
To find the behavior of K(λ; L 1 , . . . , L d ) as λ → 0 + from (2.8), we use the singularity structure of the functions Γ(w) and
we find that the function
only has a simple pole at w = d with residue
On the other hand, the gamma function Γ(w) has simple poles at w = −j, j ∈ N ∪ {0} with residues (−1) j /j!. Therefore by shifting the contour of integration in (2. 
Here we have used the fact that Z d (0; a 1 , . . . , a d ) = −1. By taking derivative with respect to λ, we immediately obtain
(2.10)
Therefore for massless scalar field with Pb.c., the λ → 0 + divergent term only depends on the volume of the rectangular cavity V = d j=1 L j . Discarding the λ → 0 + divergent term and taking the limit λ → 0 + , we find that the regularized Casimir energy for massless scalar field with Pb.c. in d-dimensional rectangular cavity is given by
is precisely the corresponding zeta function (1.3) for massless scalar field with Pb.c. in d-dimensional rectangular cavity, this immediately shows that the UV-cut off method gives the same regularized Casimir energy as obtained by zeta regularization method.
By using the scaling property of Epstein zeta function
the functional equation (see e.g. [4, 5, 6, 36, 37 ])
and the formula Γ(−1/2) = −2 √ π, we can rewrite the regularized Casimir energy E
which agrees with the result obtained by dimensional regularization [35] . On the other hand, by the Chowla-Selberg formula (see e.g. [4, 5, 38, 39] ), we have
where ζ R (s) is the Riemann zeta function. Applying this formula to the Epstein zeta function in (2.11) and using the functional equation
which agrees with the result obtained in [33, 21] . Finally, the λ-dependent zero temperature Casimir energy (2.10) can be re-expressed in the form
Since the regularized zero temperature Casimir energy agrees with that obtained by zeta regularization method, we can immediately conclude by (2.2) that the cut-off dependent finite temperature Casimir energy is given by 16) where the regularized finite temperature Casimir energy E P Cas, reg (L 1 , . . . , L d ) has been computed by zeta regularization method (see e.g. [34] ). The cut-off dependent finite temperature Casimir energy for massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. can be computed using formulas (2.4), (2.5) and (2.6). It is easy to deduce from (2.16), (2.4), (2.5) and (2.6) that in all cases, the cut-off dependent Casimir energy can be written as a sum of the λ → 0 + divergent term and the regularized term:
Although the divergent term for the massless scalar field with Pb.c. only depends on the bulk volume, we can see from (2.4), (2.5) and (2.6) that for massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., the divergent terms depend on the area of lower dimensional hypersurfaces, except
Since the λ → 0 + divergent term of the Casimir energy for a d-dimensional rectangular cavity is linear in L 1 (2.17), it follows that for the Casimir energy of the piston system,
+ divergent term depends only on L 1 , and not on a. Therefore the λ → 0 + divergent term of the Casimir force due to the interior region cancels with the the λ → 0 + divergent term of the Casimir force due to the exterior region. This gives a simple proof that for massless scalar field with periodic, Dirichlet and Neumann boundary conditions and for electromagnetic field with PEC and PMC boundary coditions in a d-dimensional rectangular piston, the Casimir force acting on the piston is always divergence free. Moreover, the Casimir force can be computed by using only the regularized Casimir energy computed by cut-off method or zeta regularization method:
Since under the simultaneous scaling
satisfies the scaling property (see [34] )
it follows that the Casimir force F Cas (a; L 2 , . . . , L d ) satisfies the scaling property
Therefore, the Casimir force F Cas is a homogeneous function of degree −2 of the variables
By restoring the constants , c and k, one can easily verify that this is indeed required for dimensional consistency.
From our result in [34] , the finite temperature regularized Casimir energy
. . , L d ) for massless scalar field with Pb.c. is given by
Here Z ′ d+1 (0; a 1 , . . . , a d+1 ) is the derivative of Z d+1 (s; a 1 , . . . , a d+1 ) with respect to s at s = 0. It can be computed using the Chowla-Selberg formula (see [34] ):
where
Using the fact that
eq. (3.5) can be rewritten as
The second term is independent of L 1 . Therefore it does not contribute to the Casimir force on the piston (3.1). The third term is linear in L 1 , therefore the contributions to the Casimir force (3.1) from the interior and exterior regions due to this term cancel with each other. The last term decays exponentially when L 1 → ∞. Hence, this term also does not contribute to the Casimir force from the exterior region. In summary, the regularized Casimir force acting on the piston due to the vacuum fluctuation of the field in the exterior region is given by
and the total Casimir force acting on the piston is
for massless scalar field with Pb.c. For massless scalar field with Db.c. and Nb.c., (2.3) and (2.4) give
(3.10)
For j = 1, the second summation is a single term
Therefore, eq. (3.10) implies that the Casimir force on the piston for massless scalar field with Db.c. and Nb.c. can be written respectively as
For electromagnetic field under PEC b.c. and PMC b.c., (2.5) and (2.6) give
The first formulas in (3.13) and (3.14) show that the Casimir force for electromagnetic field with PEC b.c. and PMC b.c. can be written as positive linear combinations of the Casimir force for massless scalar field with Db.c. Using these formulas and the formula (3.11), we conclude that
if exactly one of the k i is zero, 0, if more than one of the k i is zero; (3.16)
and δ P EC = 1 if and only if d = 2 and δ P MC ≡ 0. Notice that since the Bessel function K ν (z) is positive for any positive z, we immediately obtain from (3.9), (3.11), (3.12) and (3.15) that for massless scalar field with periodic, Dirichlet and Neumann boundary conditions and for electromagnetic field with PEC and PMC boundary conditions, the Casimir force acting on the piston always has negative sign, and therefore is attractive. This holds for any dimension and size of the piston as well as for any temperature.
By taking derivative of the Casimir force with respect to a, one finds from (3.9), (3.11), (3.12) and (3.15) that the derivative of the Casimir force with respect to a is always positive. Therefore, we can conclude that for either massless scalar field with periodic, Dirichlet or Neumann boundary conditions or electromagnetic field with PEC and PMC boundary conditions, the Casimir force is always an increasing function of a. Since the Casimir force is always negative, this implies that the magnitude of the Casimir force is always decreased when a is increased. To the best of our knowledge, this is the first time such results are obtained analytically.
Asymptotic behaviors of the Casimir force for large and small plate separations
The formulas (3.9), (3.11), (3.12) and (3.15) are ideal for studying the large-a and small L j , 2 ≤ j ≤ d behaviors of the Casimir force. In particular, the leading order terms of the Casimir force when a → ∞ are given respectively by
The case where T = 0 will be considered in the next section. These asymptotic behaviors imply that when a → ∞, the magnitude of the Casimir force tends to zero. Moreover, for massless scalar field with Pb.c. and Nb.c. and electromagnetic field with PEC b.c. in d = 2 dimension, the Casimir force tends to zero polynomially, in the order a −1 . However, for massless scalar field with Db.c. and for electromagnetic field with PEC b.c. and PMC b.c., the magnitude of the Casimir force decays to zero exponentially fast.
To derive the expression for the Casimir force for small plate separation a, we return to (3.2). Using (3.3) with
1 ζ R (2s) and the functional equation (2.15), we find that
Using the formula #8.486, no. 12, [40] :
for the derivative of Bessel function, we can obtain the interior contribution to the Casimir force acting on the piston by differentiating (4.4) with respect to L 1 and setting L 1 = a. Summing with the exterior contribution to the Casimir force (3.8), we find that the total Casimir force acting on the piston is
When a → 0 + , the first term tends to infinity, of order a −d−1 . The second term is O(a 0 ) and the third term tends to 0 exponentially fast. In other words, when the plate separation a is small, the leading term of the Casimir force for massless scalar field with Pb.c. is
For massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., the corresponding expression for the Casimir force when the separation a is small can be found by substituting (4.6) into (3.10), (3.13) and (3.14). In particular, we find that when a is small, the asymptotic behaviors of the Casimir force are given respectively by
and
Therefore for massless scalar field with Db.c. or Nb.c., the small-a leading term of the Casimir force is
which is 2 d+1 times smaller than the leading term for the massless scalar field with Pb.c. For electromagnetic field with PEC b.c. and PMC b.c., the small-a leading term is
which is
d−1 times smaller than the leading term for the massless scalar field with Pb.c. and d − 1 times larger than the leading term for the massless scalar field with Db.c.
Notice that these leading order terms are independent of the temperature T . Therefore we conclude that at low temperature, the effect of temperature to Casimir force is insignificant when the plate separation a is small. On the other hand, the leading order terms also show that the Casimir force tends to −∞ when a → 0 + . Combining with the fact that the Casimir force tends to 0 as a → ∞ and the Casimir force is an increasing function of a, we conclude that for massless scalar field with Pb.c., Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., the Casimir force always increases from −∞ to 0 as the separation a increases from 0 to ∞.
Low temperature and High temperature expansions of the Casimir force
As discussed in [34] , the low temperature expansion of the regularized Casimir energy inside a rectangular cavity is just the zero temperature Casimir energy plus the temperature correction (2.1), i.e.
for massless scalar field with Pb.c.; and
for massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. Here E
if exactly one of the k i is zero, 0, if more than one of the k i is zero;
Taking derivative with respect to a, we find that the regularized Casimir force acting on the piston due to the vacuum fluctuation of the interior region is given
for massless scalar field with Pb.c.; and by 
The corresponding Casimir force from the exterior region for massless scalar field with Db.c. and Nb.c. and for electromagnetic field with PEC b.c. and PMC b.c. can be found by using formulas (3.10), (3.13) and (3.14) . Combining the contributions to the Casimir force from the interior and exterior regions, we find that the low temperature expansion of the Casimir force acting on the piston is given by
for massless scalar field with Pb.c.; and by
for massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. Here δ N ≡ 1; δ D = δ P MC ≡ 0 and δ P EC = 1 if and only if d = 2. These formulas show that for massless scalar field with Pb.c. and Nb.c., the temperature correction is of order O(T 2 ) when T ≪ 1; but for massless scalar field with Db.c. and for electromagnetic field with PEC b.c. and PMC b.c., the temperature correction terms go to zero exponentially fast when T → 0 + . The main contribution to the low temperature Casimir force comes from the first term of (5.3) or (5.4), which is the zero temperature contribution. For massless scalar field with Pb.c., it is given by
When a is small, we use the Chowla-Selberg formula (5.1) with p = 1,
The second term is independent of a. Taking derivative with respect to a by using the formula (4.5) for the derivative of the Bessel function K d/2 (z), we find that
The first term is the leading term and is of order O(a −d−1 ) when a → 0 + . We have seen in the previous section that for any finite temperature, this is still the leading term when a → 0 + . The second term is O(a 0 ) and the last term goes to zero exponentially fast when a → 0 + . For massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., the leading behavior of the zero temperature Casimir force when a → 0 + is also the same as the finite temperature case.
When a is large, we use the Chowla-Selberg formula (5.1) with
Taking derivative with respect to a, the first term on the right hand side will cancel with the Casimir force from the exterior region and we find that the total zero temperature Casimir force acting on the piston is
for massless scalar field with Pb.c. For massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., (3.10), (3.13) and (3.14)
give immediately
we find that when a ≫ 1, the leading order terms of the zero temperature Casimir force are given respectively by
We notice a considerable difference between the a → ∞ leading behavior of the Casimir force in the zero temperature case and finite temperature case. At zero temperature, the leading order terms of the Casimir force for massless scalar field with Pb.c. and Nb.c. are of order a −2 , in contrast to the order a −1 when the temperature is nonzero. For massless scalar field with Db.c. and for electromagnetic field with PEC b.c. and PMC b.c., the zero temperature Casimir force also tends to zero exponentially fast when a → ∞; but it tends to zero faster than at finite temperature. Now we consider the high temperature behavior of the Casimir force. The high temperature expansion of the regularized Casimir energy inside a rectangular cavity E Cas, reg (L 1 , . . . , L d ) has been derived in [34] . The result is
for massless scalar field with Pb.c. The first term is known as the Stefan-Boltzmann (or black body radiation) term. Differentiating (5.5) by using the formula #8.486, no. 13, [40] :
we find that for massless scalar field with Pb.c., the interior contribution to the Casimir force acting on the piston is given by
The leading term is the force due to black body radiation and it is independent of a. For the exterior contribution to the Casimir force acting on the piston, notice that
Therefore, we find that the black body radiation contributions from the interior and exterior regions cancel with each other. On the other hand, in the a → ∞ limit, the fourth term in (5.6) approaches zero and the nonzero contribution of the third term only comes from the terms with k 1 = 0. However, for such terms, there is no dependence on a, and therefore their contributions from the interior and exterior regions cancel with each other. In summary, we find that for massless scalar field with Pb.c., the high temperature expansion of the Casimir force acting on the piston is given by
Notice that the high temperature leading term is linear in T , given by the sum of the first two terms. It is called the classical term of the Casimir force. The remaining (last two) terms decays exponentially when T → ∞.
Since the sign of the Stefan-Boltzmann term in (5.6) is positive, the contribution to the Casimir force from the interior region will become very repulsive at high temperature. However, the black body radiation of the exterior region creates a counter force to cancel this repulsive force and we find that the leading order term of the Casimir force acting on the piston at high temperature is an attractive force (see (5.8)) of order T . Now let us compute explicitly the classical term of the Casimir force for massless scalar field with Pb.c. Using the Chowla-Selberg formula (3.3) with d + 1 replaced by d and setting p = 1, a 1 = 1/a, a i = 1/L i , i = 2, . . . , d, we find that when a is large,
Therefore, the classical term of the Casimir force acting on the piston for massless scalar field with Pb.c. is
A drawback with the formula (5.8) is that it does not manifest the small a behavior of the classical term. Using the Chowla-Selberg formula (3.3) with d + 1 replaced by d and setting
From this the small a expansion of the classical term can be determined and is given by
for massless scalar field with Pb.c. The high temperature expansion for Casimir force acting on the piston due to massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. can be obtained using (3.10), (3.13) and (3.14) . For the interior contribution, (3.10), (3.13), (3.14) and (5.6) show that leading order terms of the Casimir force from the interior region are given by
respectively, where S j is the partial hypersurface area defined by (4.8) . Notice that in contrast to the Pb.c. case, now we have temperature corrections of order T l for all 2 ≤ l ≤ d besides the leading Stefan-Boltzmann term of order T d+1 . However, all these terms are independent of a and therefore they cancel with the corresponding terms from exterior region. The high temperature leading order term of the Casimir force acting on the piston is still the classical term of order T and is given explicitly by
By taking the derivative of (5.8) and (5.10) with respect to a, we find that the classical term of the Casimir force is also an increasing function of a. In other words, the magnitude of the classical term decreases with increasing a. An alternative expression suitable for studying the classical term of the Casimir force at small plate separation can be derived using (3.10), (3.13), (3.14) and (5.9). Before ending this section, we would like to comment on the nomenclature 'classical term' for the high temperature leading term. To restore the constants , c and k into the expressions for the Casimir force, we replace T by kT /( c) everywhere and multiply the overall expression by c. Notice that a term with order T j will be accompanied with 1−j . Since in the high temperature limit, the Casimir force acting on the piston is O(T ), this implies that it has a finite classical → 0 + limit. Moreover, the leading term linear in T gives the classical limit and therefore it is called the classical term.
In Appendix B, we compute the explicit expressions for the zero temperature Casimir force when d = 1, 2 and 3 from the formulas in this section. The results are found to agree with the existing results in [14, 15, 16, 20, 21, 22] . Explicit formulas for the low and high temperature expansions of the Casimir force are also given. In Figure 2 , we show the dependence of the Casimir force F P EC Cas (a; b, c) on the plate separation a and temperature T for three dimensional electromagnetic field with PEC b.c.
Comment on piston inside a closed cavity
Consider the case where the piston is confined in a closed rectangular cavity. More precisely, we consider the scenario where the L 1 → ∞ limit is not taken. In this case, we call the acting on the piston x 1 = a, denoted byF Cas (a; L 1 , . . . , L d ), which is the sum of the Casimir force acting on the piston due to region I and region II, i.e.
In showing that the Casimir force is divergence free in the beginning of Section 3, we only use the fact that the divergent part of the Casimir energy in a rectangular cavity depends linearly on L 1 (without passing to the limit L 1 → ∞). Therefore in the present case where L 1 is finite, it is still true that the Casimir force acting on the pistonF Cas (a; L 1 , . . . , L d ) is free of divergence. On the other hand, the derivation of (3.9) from (3.7) shows that after some cancelations, the Casimir forcê F Cas (a; L 1 , . . . , L d ) for finite L 1 case can be written in terms of the Casimir force
This is true for either massless scalar field with Pb.c., Db.c. or Nb.c. or electromagnetic field with PEC b.c. or PMC b.c. A trivial consequence of (6.1) is that the Casimir force acting on a piston placed in a closed rectangular cavity is equal to zero when the piston is placed exactly in the middle of the cavity. On the other hand, since we have shown that in all the cases we consider, F Cas (a; L 2 , . . . , L d ) is an increasing function of a, this implies that if the piston is placed closer to the left hand side (i.e. a < L 1 − a), then the Casimir force on the pistonF Cas (a; L 1 , . . . , L d ) is negative and tends to pull it to the left. In other words, the Casimir force acting on a piston which is placed inside a closed rectangular cavity always try to collapse the piston to the nearer end.
The low and high temperature expansions of the Casimir forceF Cas (a; L 1 , . . . , L d ) in the case of finite L 1 can easily be computed using the formula (6.1) and the results for the case of infinite L 1 in the previous sections. Therefore we omit them here.
7.
Casimir force density when the distances of some pairs of transversal plates are large
In this section, we want to study the asymptotic behavior of the Casimir force when d− p > 0 pairs of the transversal plates are large, i.e., a,
More precisely, we are going to derive the limit
which we call the Casimir force density
1
. We consider the low temperature expansion and high temperature expansion separately.
7.1.
3), we find that for massless scalar field with Pb.c.,
The first two terms are independent of L 1 . For the last term, when
\ {0} goes to zero exponentially fast except for the terms where (k p+1 , . . . , k d ) = 0 and l = 0. Therefore, when L p+1 = . . . = L d = L → ∞, the leading contribution to the Casimir force density acting on the piston from the interior region is
On the other hand, by replacing p with d − p + 2 and putting
1 When p = 1, this is actually the pressure on the piston when the cross section of the piston becomes an infinite hyperplane.
3), we find that
Notice that the third term is linear in L 1 . Thus it will contribute a constant term (in a) to the Casimir force density acting on the piston from the exterior region. The last term would contribute only when k 1 = 0 and (k p+1 , . . . , k d ) = 0. The sum of the first two terms is equal to
Therefore, using the result (5.2) of the previous section with d replaced by d − p + 1, we have
Since when
the contribution from the first two terms of (7.1) to the Casimir force density comes from
The computation of this term is a little bit involved. We leave it to the Appendix A. The result is
Therefore the Casimir force density from the exterior region is
In summary, the total Casimir force density acting on the piston is
where the zero temperature contribution is
For a ≪ L 2 , . . . , L p , it can be written as
whereas when a ≫ L 2 , . . . , L p ,
The above results are for massless scalar field with Pb.c. For massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c., the results can be obtained from that for massless scalar field with Pb.c. by using
which can be derived from (3.10), (3.13) and (3.14) (see [34] ). We notice that when p ≥ 2, the leading order terms of the temperature correction to the Casimir force density is of order T d−p+2 when T ≪ 1 for massless scalar field with Pb.c. and Nb.c. However, for massless scalar field with Db.c. and electromagnetic field with PEC b.c. and PMC b.c., the temperature correction to the Casimir force density decays to zero exponentially fast when T → 0. The main contribution to the low temperature Casimir force density comes from the zero temperature Casimir force density which at small plate separation a, has leading order proportional to −a In the particular case where p = 1, i.e. when the piston becomes a pair of infinite parallel hyperplanes, we find that the low temperature expansion of the Casimir pressure acting on the piston is given by
for massless scalar field with Pb.c. For massless scalar field with Db.c. and Nb.c., the Casimir pressure is equal to P P Cas (d; 2a), i.e.
For electromagnetic field with PEC b.c. and PMC b.c., the Casimir pressure is (d − 1) times larger than that of massless scalar field with Db.c., i.e.
Notice that the zero temperature Casimir pressure on a pair of infinite parallel plates is equal to
for massless scalar field with Pb.c. It is 2 −d−1 times weaker for massless scalar field with Db.c. and Nb.c., i.e. P D/N,T =0 Cas
. For electromagnetic field with PEC b.c. or PMC b.c., the zero temperature Casimir pressure on a pair of infinite parallel plates is
These agree with the well known results. For the temperature correction, we find that the leading term is of order T d+1 when T ≪ 1. In particular, the leading thermal correction to Casimir force for massless scalar field with Dirichlet boundary condition is
in agreement with the result in [41] .
7.2. High temperature expansion. When T ≫ 1, we divide the expression (5.7) by L p+1 . . . L d and take the limit L p+1 = . . . = L d → ∞ to obtain the high temperature expansion of the Casimir force density for massless scalar field with Pb.c.:
In the high temperature limit, the last two terms decays exponentially while the leading term is the classical term linear in T with coefficient B P (a; L 2 , . . . , L p ) which can be computed from (5.9). Using the fact (Chowla-Selberg formula (5.1)) that
The corresponding results for massless scalar field with Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. can be obtained using (7.2), (7.3) and (7.4). Again, we find that in the high temperature limit, the leading order term of the Casimir force density is the classical term of order T . It can be highly negative when the plate separation a is small. Consider the particular case where p = 1. The high temperature expansion of the Casimir pressure for the massless scalar field with Pb.c. is given by
For massless scalar field with Db.c. and Nb.c., it is given by
For electromagnetic field with PEC b.c. and PMC b.c., it is (d − 1) times of (7.5).
The leading term in (7.5) agrees with those given in [41] .
Conclusion
We consider finite temperature massless scalar field with Pb.c., Db.c. and Nb.c. and electromagnetic field with PEC b.c. and PMC b.c. for any space dimension d. The Casimir energy in a rectangular cavity due to these massless quantum fields is calculated by cut-off method and it was shown that its finite part agrees with the results obtained by zeta regularization method. For a rectangular piston which can be considered as a one-sided open rectangular cavity divided into two regions, we show that the resulting Casimir force acting on the piston is divergence free. Different exact expressions of the Casimir force which are suitable for studying the small and large plate separation limits and low and high temperature limits are derived. It is verified analytically that for all the cases we considered, although the regularized Casimir force acting on a wall of a rectangular cavity can be attractive or repulsive depending on the relative size of the cavity, the Casimir force acting on the piston is always an attractive force. Moreover, the magnitude of the Casimir force decreases as the separation distance between the piston and the opposite wall increases. Another interesting result obtained in this paper is that at high temperature, the magnitude of the Casimir force is found to grow linearly in temperature T . This is in contrast to the result for rectangular cavities, where at high temperature the leading term of the Casimir force is the Stefan-Boltzmann term of order T d+1 , an order much larger than T . It also shows that the Casimir force has a classical → 0 limit. On the other hand, we also establish that at low temperature, the effect of temperature to the magnitude of the Casimir force is insignificant when the plate separation is small.
We have derived exact expressions for the Casimir force acting on the piston which are suitable for studying low and high temperature, and small and large plate separation limits. A more detailed numerical study of the results would be considered in a future work. The methods used in this paper can be easily extended to other quantum fields as well as pistons with arbitrary cross section. In particular, it will be interesting to consider massive field, fermionic field or massless field with mixed boundary conditions. The later will be a possible candidate for repulsive Casimir force. Another possible direction is to study the Casimir piston made of dielectric and magnetic materials.
Using the formula #3.478, no. 4 of [40]
where H(s) is the function
For s > 1, we can use the Jacobi inversion formula
to write H(s) as
This shows that for s > 1,
Taking the limit s → 1 + gives
Appendix B. One, two and three dimensional pistons
In this appendix, we present the results we obtained in the previous sections to special cases with d = 1, 2, 3. B.1. d = 1. As we mention in Section 2, there are no electromagnetic field in dimension d = 1. For massless scalar field with Pb.c., we find from (5.3) that the low temperature expansion of the Casimir force is equal to
where F P,T =0 Cas (a) is the zero temperature Casimir force given by
For the high temperature expansion of the Casimir force, eqs. (5.7), (3.6) and
This formula can also be directly derived from (3.9). (B.3) shows that the classical limit of the Casimir force due to massless scalar field with Pb.c. is given by −T /a. For massless scalar field with Db.c. and Nb.c., we have
It is interesting to note that (B .1) and (B.3) give us the identity 
3), we find that the low temperature expansion of the Casimir force acting on the piston for massless scalar field with Pb.c. is
When a is small, the zero temperature Casimir force has a representation When a is large, it has another representation F P,T =0 Cas
The high temperature expansion of the Casimir force can be computed by (5.7) which gives
The first term gives the classical limit of the Casimir force for massless scalar field with Pb.c. Here δ P EC = 1 and δ P MC = 0, and the zero temperature Casimir force is given by 
For electromagnetic field with PEC b.c. or equivalently massless scalar field with Nb.c., eqs. (B.5) and (B.6) agree with the corresponding formulas in [21] . For electromagnetic field with PMC or equivalently massless scalar field with Db.c., they agree with the results of [14, 22] . For high temperature,
The first term is the classical limit of the Casimir force for electromagnetic field. In the b → ∞ limit, we find that the pressure on the infinite piston x 1 = a due to massless scalar field with Pb.c. is Setting L 2 = b and L 3 = c, we find from (5.3) that in the low temperature limit, the Casimir force acting on the piston for massless scalar field with Pb.c. is Casimir force is still given by (B.9) with δ P EC = 0; whereas the small a expansion is 
For electromagnetic field with PEC b.c. or PMC b.c., the classical term is given by 
In the infinite parallel plates limit, i.e. b = c → ∞, the Casimir pressure on the plates due to massless scalar field with Pb.c. is In particular, in the low temperature limit, we find that the the leading order term of the Casimir pressure on a pair of infinitely conducting parallel plates is the zero temperature Casimir pressure given by the well-known result of Casimir [1] , i.e. The leading term of the temperature correction is
agreeing with the result of [41] . In the high temperature limit, the leading term of the Casimir pressure is the classical term P P EC,classical Cas (a) = − ζ R (3)T 4πa 3 , which agrees with the results of [42, 43, 41] .
